In this paper, a novel numerical analysis is introduced and performed to obtain the numerical solution of the fractional heat-and wave-like equations. A general formulation for the Bernstein fractional derivatives operational matrix is given. In this approach, a truncated Bernstein series together with the Bernstein operational matrix of fractional derivatives are used to reduce the solution of fractional differential problems to the solution of a system of algebraic equations. Numerical examples are considered aiming to demonstrate the validity and applicability of the proposed techniques and to compare with the existing results.
Introduction
Fractional differential equations have recently been applied in various area of engineering, science, finance, applied mathematics, bio-engineering, etc., see e.g. [1] , [10] , [11] , [12] , [17] , [22] . Different fractional partial differential equations including the space-time fractional diffusion-wave equation [3] , [18] , fractional advection-dispersion equation [9] , fractional KdV equation [14] and the linear inhomogeneous fractional partial differential c 2012 Diogenes Co., Sofia pp. 556-571 , DOI: 10.2478/s13540-012-0039-7 equations [4] have been studied. Most of FPDEs do not have exact analytic solutions, so numerical techniques must be used. There are several numerical methods to solve FDEs. Such as Homotopy perturbation method (HPM), Adomian decomposition method (ADM) and variational iteration method (VIM) [16, 8, 5] .
In this paper, we consider the fractional heat-and wave-like equations of form ∂ α u(x, t) ∂t α = f (x, t)u xx , 0 < x < 1, 0 < t < T, (1.1)
where α is a parameter describing the fractional derivative 0 < α ≤ 2, f 1 , f 2 , g are known functions, and the function u is unknown [15] . Our main aim is to generalize the Bernstein operational matrix to the fractional calculus. We demonstrate the relation between the Bernstein and Legendre polynomials. By using this relation we derive the operational matrices of derivative of Bernstein polynomials. Then we employ them for solving our problem. In this approach, a truncated Bernstein series together with the Bernstein operational matrix of fractional derivatives are used to convert problem to a system of linear algebraic equations. The article is organized as follows: We begin by introducing some necessary definitions of the fractional calculus theory which are used in our exposition. We summarize the properties of the Bernstein and shifted Legendre polynomials in Section 2. Section 3 is devoted to obtaining operational matrix of fractional derivative. In Section 4, we apply the Bernstein polynomials and operational matrix of fractional derivative for solving fractional heat-and wave-like equations. In Section 5 the proposed method is applied to several examples. A conclusion is given in Section 6.
First we give some basic definitions and properties of the fractional calculus theory. Definition 1.1. The Caputo fractional-order derivative is defined as
where α is the order of the derivative and n is the smallest integer greater than α.
For the Caputo derivative we have:
C is a constant, and
Γ(β+1−α) x β−α , for β ∈ N 0 and β ≥ α . We use the ceiling function α to denote the smallest integer greater than or equal to α and N 0 = {0, 1, 2, ...}. Recall that for α ∈ N , the Caputo differential operator coincides with the usual differential operator of integer order.
Legendre and Bernstein basis
The Bernstein polynomials of degree m on the interval [0, 1], as basis functions for the linear space of polynomials are defined as follow:
A polynomial P m (x) of degree m can be expressed as For details, see for example [2] . 
P r o o f. The proof follows from Ref. [21] .
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where n ∈ N and the superscript, in D
5) The Legendre polynomials constitute an orthonormal basis on the interval [0, 1], and are defined as follows
The analytic form of the shifted Legendre polynomial
Note that
where the shifted Legendre coefficient vector l and the shifted Legendre vector ϕ(x) are given by 
otherwise. 
where
.
l , the first α rows are all zero.
P r o o f. The proof follows from Ref. [20] . 2
Operational matrix of differentiation
In this section we try to derive an explicit formula for the (m+1)×(m+ 1) matrix D α b that is called operational matrix of the fractional derivative of the Bernstein polynomials. First, we demonstrate the relation between the Bernstein and Legendre polynomials by introducing the transformation matrix W and G, see [7] . The Legendre polynomial L k (x) can be expressed in the k − th degree Bernstein basis
Now consider a polynomial P m (x) of degree m, expressed in the m-th degree Bernstein and Legendre bases on x ∈ [0, 1] :
We write the transformation of the Legendre polynomials on [0, 1] into the m − th degree Bernstein basis functions as
3) 
Replacing (3.1) into (3.4), we obtain
The integrals of the products of the Bernstein basis functions can be found by using
as follows:
Therefore, we have the elements of W as
Now, we write the transformation of the B-polynomials on [0, 1] into m-th degree Legendre basis functions as
The elements G k,j form an (m + 1) × (m + 1) basis conversion matrix G. Replacing Eq. (3.5) into Eq. (3.2) and rearranging the order of summation, we obtain
Since we can express each k-th degree Bernstein basis function in the m-th degree Bernstein basis as
replacing Eq. (3.7) into Eq. (3.1) and changing the order of summation, we find that the basis transformation (3.5) is defined by the elements 
11) where W and G are (m + 1) × (m + 1) matrices given in (3.9) and (3.10) respectively, and also D α l is a (m+1)×(m+1) matrix of operational matrix of fractional derivative of the shifted Legendre polynomials. 12) and by using (3.9), we have
By (3.9)-(3.13), we have
(3.14) 2 Also we can obtain easily the operational matrix of the derivative of the Bernstein polynomials as 
We can write
Also, we have 
We now collocate Eq. 
Hence we observe that Eq. (4.6) together with Eqs. (4.7) and (4.8) produce a system of equations, which can be solved for the unknown U i,j . In the next section, we give some results of numerical experiments with methods based on the preceding sections.
Numerical results
Example 5.1. We consider Eqs. (1.1)-(1.3) with 1 < α ≤ 2 and the given data:
The exact solution (α = 2) is as following (see [15] ):
The analytical solution using the VIM in [15] is given as
We solved this problem by applying the technique described in Section 4. Throughout this paper, the maximum absolute error is defined as follows:
whereũ =ũ(x, t; α) and u = u(x, t; α), respectively are the numerical solution and the analytic solution. In Fig. 1 . the graphs of the maximum absolute error are shown. Fig. 1 . shows good agreement with the approximate solutions obtained by the VIM. When α is an integer (here α = 2), the approximate solution is in good agreement with the exact solution. Furthermore, the numerical results for u(0.5, t) and m = 8 and also for α = 1.8, 1.9 and 2 are plotted in Fig. 2 . 
and f (x, t) is such that u(x, t) = x 2 t is an exact solution for every 0 ≤ α ≤ 1, for example: 2) ), α = 0.8,
), α = 0.9.
We have solved this problem for m = 15, and have compared it with the analytical solution. The graphs of the maximum absolute error are shown in Fig. 3 . , t) and α are constructed so that u(x, t) = te x to be an exact solution:
, α = 0.8,
This example is solved for m = 15 and different f (x, t) and α. Also, it is compared with the analytical solution. The graphs of the maximum absolute error are shown in Fig. 4 . 
The exact solution for α = 1 is as follows ( [13] :
By applying Eqs. (4.6)-(4.8) and solving the obtained system, we achieve a good approximation with the exact solution by using a few terms of the Bernstein polynomials. We compare our results with the results computed in [13] that are shown in Table 1 . Furthermore, the numerical results for u(x, t) for m = 9 and α = 1, 0.9 and α = 0.8 are plotted in Fig. 5 . 
Conclusions
In this article, we present relation between the Bernstein and Legendre polynomials. By using this relation we derived the operational matrix of the derivative of the Bernstein polynomials. This matrix is used to reduce fractional heat-and wave-like equations to the system of equations. Note that in the limit, the solution of the fractional differential equations approaches to that of the integer-order differential equations. The solution obtained using the suggested method shows that this approach can solve the problem effectively. 
